Given a sequence A of 2n real numbers, the EvenRankSum problem asks for the sum of the n values that are at the even positions in the sorted order of the elements in A. We prove that, in the algebraic computation-tree model, this problem has time complexity Θ(n log n).
Introduction
Let A = (a 1 , a 2 , . . . , a 2n ) be a sequence of 2n real numbers. We define the even-rank-sum of A to be the sum of the n values that are at the even positions in the sorted order of the elements in A. Formally, let π be a permutation of {1, 2, . . . , 2n} that sorts the sequence A in non-decreasing order; thus, a π(1) ≤ a π(2) ≤ . . . ≤ a π(2n) . Then the even-rank-sum of the sequence A is the real number a π(2) + a π(4) + a π(6) + . . . + a π(2n) .
Observe that any permutation π that sorts the sequence A in non-decreasing order gives rise to the same even-rank-sum. We consider the following problem:
EvenRankSum: Given a sequence A of 2n real numbers, compute the evenrank-sum of A.
By using an O(n log n)-time sorting algorithm, this problem can be solved in O(n log n) time. In the Open Problem Session at the Canadian Conference on Computational Geometry in 2008, Michael Shamos posed the problem of proving an Ω(n log n) lower bound on the time complexity of this problem in the algebraic computation-tree model. (See [1, 2] for a description of this model.) In this paper, we present such a proof:
Theorem 1 In the algebraic computation-tree model, the time complexity of EvenRankSum is Θ(n log n).
We prove Theorem 1 by presenting an O(n)-time reduction of MinGap to EvenRankSum. The former problem is defined as follows. Let X = (x 1 , x 2 , . . . , x n ) be a sequence of n real numbers, and let π be a permutation of {1, 2, . . . , n} such that x π(1) ≤ x π(2) ≤ . . . ≤ x π(n) . For each 1 ≤ i < n, we define the difference x π(i+1) − x π(i) to be a gap in the sequence X.
MinGap: Given a sequence X = (x 1 , x 2 , . . . , x n ) of n real numbers and a real number g > 0, decide if each of the n − 1 gaps in X is at least g.
Since in the algebraic computation-tree model, MinGap has an Ω(n log n) lower bound (see [2, Section 8 .4]), our reduction will prove Theorem 1.
A preliminary result
Let n ≥ 1 be an integer and let ℓ 1 , . . . , ℓ n , r 1 , . . . , r n be a sequence of 2n real numbers such that ℓ i < r i for all 1 ≤ i ≤ n. We will refer to the elements ℓ i and r i as ℓ-values and r-values, respectively.
Let P be a permutation of ℓ 1 , . . . , ℓ n , r 1 , . . . , r n such that the following two properties hold:
(I) The elements in P are sorted in non-decreasing order.
(II) For any i and j, if ℓ i = r j , then r j is to the left of ℓ i in P .
We number the positions in P as 1, 2, . . . , 2n; thus, we can refer to even and odd positions in P . Proof. The proof is by induction on the number of ℓ-values that are at an even position in P . If this number is zero, i.e., all ℓ-values are at an odd position in P , we take for π the identity permutation. Otherwise, let ℓ j be the rightmost ℓ-value in P which is at an even position. In P and to the right of ℓ j , there are an even number of elements, say 2n ′ for some n ′ > 0. For each ℓ-value ℓ i to the right of ℓ j in P , the corresponding r-value r i is also to the right of ℓ j in P . Furthermore, r j is to the right of ℓ j in P . Hence, there is an r-value at one of the n ′ many odd positions in P and to the right of ℓ j . Let r k be the leftmost r-value in P which is at an odd position and to the right of ℓ j . Then the subsequence Q of P that starts at ℓ j and ends at r k has the form
for some m ≥ 1, where
We observe the following:
• Each of ℓ j 1 , r k 2 , r k 3 , . . . , r km is at an even position in P .
• Each of ℓ j 2 , ℓ j 3 , . . . , ℓ jm , r k m+1 is at an odd position in P .
• Since ℓ j i is to the left of r k i , we have, by property (II), ℓ j i < r k i for each 2 ≤ i ≤ m.
• Since ℓ j 1 is to the left of r k m+1 , we have, again by property (II) ℓ j 1 < r k m+1 .
Thus, if we define π(j 1 ) = k m+1 and, for 2 ≤ i ≤ m, π(j i ) = k i , then the two claims in the lemma hold for the indices j 1 , j 2 , . . . , j m . Let P 1 be the subsequence of P consisting of all elements that are to the left of ℓ j , and let P 2 be the subsequence of P consisting of all elements that are to the right of r k . Since Q contains exactly m many ℓ-values and exactly m many r-values, the following properties hold:
• For each r-value r i in P 1 , the corresponding ℓ-value ℓ i is also in P 1 .
• For each ℓ-value ℓ i in P 2 , the corresponding r-value r i is also in P 2 .
• Each ℓ-value ℓ i in P 1 , for which r i is not in P 1 , can be assigned to a unique r-value r i ′ in P 2 , for which ℓ i ′ is not in P 2 . By property (II), we have ℓ i < r i ′ .
It follows that we can rename the ℓ-and r-values in the concatenation P 
properties (I) and (II). Observe that each value in P
′ is at an even position in P ′ if and only if this value is at an even position in P . Moreover, the number of ℓ ′ -values at an even position in P ′ is less than the number of ℓ-values at an even position in P . As a result, we can apply induction to the sequence P ′ and obtain a permutation π ′ of {1, 2, . . . , n−m} that satisfies the two properties in the lemma. This permutation π ′ can easily be transformed to a bijection from the set {1, . . . , n} \ {j 1 , . . . , j m } to the set {1, . . . , n} \ {k 2 , . . . , k m+1 }. Therefore, by combining this bijection with the values π(j i ) for 1 ≤ i ≤ m that were defined above, we obtain the permutation π of {1, 2, . . . , n} that satisfies the two properties in the lemma.
The proof of Theorem 1
As mentioned before, our proof of Theorem 1 consists of showing how to reduce, in O(n) time, MinGap to EvenRankSum.
Let A be an arbitrary algorithm that solves EvenRankSum. We show how to use algorithm A to solve MinGap. Let n ≥ 2 be an integer and consider a sequence X = (x 1 , x 2 , . . . , x n ) of n real numbers and a real number g > 0. The algorithm for solving MinGap makes the following three steps:
Step 1: Compute S = n i=1 x i and, for i = 1, 2, . . . , n, compute ℓ i = x i and r i = x i + g.
Step 2: Run algorithm A on the sequence ℓ 1 , r 1 , ℓ 2 , r 2 , . . . , ℓ n , r n , and let R be the output. (Thus, R is the even-rank-sum of this sequence.)
Step 3: If R = S + ng, then return YES. Otherwise, return NO.
It is clear that the running time of this algorithm is O(n) plus the running time of A. Thus, it remains to show that the algorithm correctly solves MinGap.
First assume that each gap in the sequence X is at least g. Then the interiors of the intervals [ℓ i , r i ], 1 ≤ i ≤ n, are pairwise disjoint. It follows that there is a permutation of {1, 2, . . . , 2n} that sorts the sequence ℓ 1 , r 1 , ℓ 2 , r 2 , . . . , ℓ n , r n in non-decreasing order such that the r-values are at the even positions. Therefore, we have
Thus, the algorithm correctly returns YES.
From now on, we assume that there is a gap in the sequence X which is less than g. We will show that R < S + ng and, therefore, the algorithm correctly returns NO.
For the rest of the proof, we fix a sequence P which is a permutation of ℓ 1 , r 1 , ℓ 2 , r 2 , . . . , ℓ n , r n , such that properties (I) and (II) of Section 2 are satisfied.
Lemma 2 There exists an index i such that ℓ i is at an even position in the sequence P .
Proof. The proof is by induction on n. The base case is when n = 2. We may assume without loss of generality that ℓ 1 = x 1 is to the left of ℓ 2 = x 2 in P . Since x 2 − x 1 < g, we have P = (ℓ 1 , ℓ 2 , r 1 , r 2 ). Thus, ℓ 2 is at an even position in P . Now assume that n ≥ 3. We may assume without loss of generality that ℓ 1 is the first element of P and, thus, x 1 is a minimal element in X. Let j > 1 be an index such that x j − x 1 is minimum. If x j − x 1 < g, then the second element in P is one of ℓ 2 , . . . , ℓ n and the lemma holds. Thus, we may assume that x j − x 1 ≥ g. Then r 1 = x 1 + g ≤ x j ≤ x i = ℓ i for each 2 ≤ i ≤ n and, by property (II), the second element in P must be r 1 . If we remove x 1 from the sequence X (and remove the first two elements ℓ 1 and r 1 from P ), then we obtain a sequence x 2 , . . . , x n of n − 1 real numbers (and the corresponding sequence P ′ of ℓ i 's and r i 's) containing a gap which is less than g. By induction, there is an index i such that ℓ i is at an even position in P ′ . This element ℓ i is also at an even position in P .
Let E ℓ be the set of indices i such that ℓ i is at an even position in the sequence P , and let E r be the set of indices j such that r j is at an even position in P . Then the value R that is computed in Step 2 of the algorithm is equal to R = i∈E ℓ ℓ i + j∈Er r j .
Let π be a permutation of {1, 2, . . . , n} satisfying the two properties in Lemma 1. Then, for each i in E ℓ , we have ℓ i < r π(i) and r π(i) is at an odd position in P . Since, by Lemma 2, the set E ℓ is non-empty, it follows that R < This completes the proof of Theorem 1.
